Nearly metacompact spaces  by Grabner, Elise et al.
Topology and its Applications 98 (1999) 191–201
Nearly metacompact spaces
Elise Grabner a,∗, Gary Grabner a, Jerry E. Vaughan b
a Department Mathematics, Slippery Rock University, Slippery Rock, PA 16057, USA
b Department Mathematics, University of North Carolina at Greensboro, Greensboro, NC 27412, USA
Received 28 May 1997; received in revised form 30 December 1997
Abstract
A space X is called nearly metacompact (meta-Lindelöf) provided that if U is an open cover of X
then there is a dense set D ⊆X and an open refinement V of U that is point-finite (point-countable)
on D. We show that countably compact, nearly meta-Lindelöf T3-spaces are compact. That nearly
metacompact radial spaces are meta-Lindelöf. Every space can be embedded as a closed subspace
of a nearly metacompact space. We give an example of a countably compact, nearly meta-Lindelöf
T2-space that is not compact and a nearly metacompact T2-space which is not irreducible. Ó 1999
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A space X is called nearly metacompact (meta-Lindelöf) provided that if U is an open
cover of X then there is a dense set D ⊆ X and an open refinement V of U such that
Vx = {V ∈ V : x ∈ V } is finite (countable) for all x ∈D. The class of nearly metacompact
spaces was introduced in [8] as a device for constructing a variety of interesting examples
of non orthocompact spaces. In this paper, we investigate basic properties of nearly
metacompact spaces. We show (Theorem 1.1) that a T1-space X is nearly metacompact
(meta-Lindelöf) if and only if every directed open cover U has an open refinement that is
point-finite (point-countable) on some dense subset of X. All countably compact, nearly
meta-Lindelöf T3-spaces are compact (Theorem 1.3). Every T1-space can be embedded
into a nearly metacompact space as a closed subspace (Theorem 2.1). We give an example
of a nearly metacompact T2-space which is not irreducible (Example 2.6) and an example
of a countably compact, nearly meta-Lindelöf T2-space that is not compact (Example 2.3).
Throughout this paper all spaces are T1. When we topologize an ordinal space it will be
with the order topology and subsets of topological spaces will have the subspace topology.
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For any collection A of subsets of a set X and any x ∈ X let Ax = {A ∈A: x ∈ A} and
st(x,A) =⋃Ax . A collection V of subsets of a set X is said to be point-finite (point-
countable) on D ⊆ X provided that Vx is finite (countable) for all x ∈ D. Similarly, we
say such a collection V is locally finite on D ⊆ X provided that for all x ∈D there is an
open neighborhood U of x such that {V ∈ V : U ∩ V 6= ∅} is finite. If X is a set and U
is a covering of X, we say that U is minimal provided for all U ∈ U , U\{U} does not
cover X. A space is said to be irreducible provided that every open cover has a minimal
open refinement. All meta-Lindelöf spaces are irreducible [9].
1. Nearly metacompact spaces
A refinement V = {Vs : s ∈ S} of a cover U = {Us : s ∈ S} of a set X is called a precise
refinement if Vs ⊆ Us for every s ∈ S . In metacompact spaces every open cover has a
precise point-finite open refinement [6]. It not difficult to show that if a space X is nearly
metacompact (meta-Lindelöf) then every open cover of X has a precise open refinement
that is point-finite (point-countable) on some dense subset of X. A collection S of sets is
said to be monotone provided for all S,S′ ∈ S either S ⊆ S′ or S′ ⊆ S. More generally,
collection S of sets is said to be directed provided for all S,S′ ∈ S there is a T ∈ S such
that S ∪S′ ⊆ T . A space X is metacompact if and only if every monotone open cover of X
has a point-finite open refinement [17].
Theorem 1.1. A space X is nearly metacompact (meta-Lindelöf) if and only if every
directed open cover U has an open refinement that is point-finite (point-countable) on
some dense subset of X.
Proof. Suppose U is an open cover of X and let
UF =
{⋃
U ′: U ′ is a finite subset of U
}
.
Clearly UF is a directed open cover of X. Let V be an open refinement of UF which is
point-finite on the dense set C. For each V ∈ V , let H(V ) be a finite subset of U such that
V ⊆⋃H(V ) andW(V )= {V ∩U : U ∈H(V )}. Since V =⋃W(V ) for all V ∈ V , the
collection W =⋃{W(V ): V ∈ V} is an open refinement of U . Suppose that x ∈ C and
(V)x = {V1, . . . , Vn}. Then (W)x ⊆W(V1) ∪ · · · ∪W(Vn) and is therefore finite. Hence
W is an open refinement of U , point finite on C.
The meta-Lindelöf version of this is the same. 2
Question 1. Can directed be replaced by monotone in the above theorem?
A T2-spaceX is countably compact provided that every countable open cover ofX has a
finite subcover. Countably compact T2-spaces can be characterized as those spaces X such
that for every open cover U of X the cover {st(x,U): x ∈ X} has a finite subcover [4].
Clearly, irreducible (and hence meta-Lindelöf) countably compact spaces are compact [5].
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A spaceX is called absolutely countably compact if for every open cover U ofX and every
dense subset D ⊆X the cover {st(x,U): x ∈D} has a finite subcover [10]. All absolutely
countably compact T2-spaces are countably compact [10]. The following natural result is
easily seen.
Theorem 1.2. IfX is a nearly meta-Lindelöf, absolutely countably compact T2-space then
X is compact.
More surprising is the following.
Theorem 1.3. A countably compact, nearly meta-Lindelöf T3-space is compact.
Proof. Suppose U is an open cover of the nearly meta-Lindelöf T3-space X. Let V be an
open refinement of U that is point-countable on some dense set D. Since X is T3 we may
assume that for each V ∈ V there is a U(V ) ∈ U such that V ⊆U(V ). We show that V has
a finite subcollection that coversD.
Suppose no finite subcollection of V coversD. By induction, for all i < ω, we can pick
a point di ∈D and list Vdi = {Vi,j : j < ω} such that for each n < ω
dn+1 ∈D\ ∪ {Vi,j : k, j 6 n}.
Since the dns are distinct and X is countably compact, the set {dn: n < ω} has a complete
accumulation point x ∈X. Let V ∈ V such that x ∈ V and note that A= {n < ω: dn ∈ V }
is infinite. Let n ∈A and j < ω such that V = Vn,j . Let k ∈A such that k >max{n, j } and
note that dk /∈ Vn,j = V , a contradiction.
Let V ′ be a finite subcollection of V that covers D. Since X = D is covered by
{V : V ∈ V ′}, {U(V ): V ∈ V ′} is a finite subcover of U . 2
In Theorem 1.3 the property T3 is necessary (see Example 2.3). It is quite easy to con-
struct nearly metacompact, countably compact non compact T1-spaces (see Example 2.5).
The following question remains open.
Question 2. Are nearly metacompact, countably compact T2-spaces compact?
A regular space is said to be pseudocompact if for every decreasing sequence U1 ⊇ U2
⊇ · · · of nonempty open subsets of X we have⋂
{Ui : i = 1,2, . . .} 6= ∅.
For completely regular spaces this is equivalent to every continuous real-valued function
defined on X is bounded. Every normal pseudocompact space is countably compact [6].
Completely regular, pseudocompact metacompact spaces are compact [15,18]. However
completely regular, pseudocompact meta-Lindelöf spaces need not be compact [19].
A space is said to be feebly compact if every locally finite collection of open subsets
is finite [12]. All regular feebly compact spaces are Baire [11] and clearly regular
pseudocompact spaces are feebly compact. Also completely regular, feebly compact spaces
are pseudocompact [13].
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Lemma 1.4. Suppose X is a regular feebly compact space such that every open cover has
an open refinement which is locally finite on some dense set. Then X is compact.
Proof. Suppose that U is an open cover of X and V is an open refinement of U such that
V is locally finite on the dense set D ⊆ X and for all V ∈ V there is a U(V ) ∈ U with
V ⊆U(V ). We will show, by contradiction, that there is a finite V ′ ⊆ V such that
D ⊆
⋃
V ′ =
⋃
{V : V ∈ V ′}
and hence since D is dense in X, {U(V ): V ∈ V ′} is a finite subcover of U .
Suppose for every finite V ′ ⊆ V , D *⋃V ′. Let x0 ∈D and W0 and open neighborhood
of x0 such that V0 = {V ∈ V : W0∩V 6= ∅} is finite. SinceD *⋃V0, let x1 ∈D\⋃V0 and
let W1 ⊆X\⋃V0 be an open neighborhood of x1 such that V1 = {V ∈ V : W1 ∩ V 6= ∅} is
finite. Continuing in this manner we construct an infinite discrete collection of nonempty
open subsets of X, {Wi : i < ω}. To see this let x ∈ X and V ∈ V containing x . If i < ω
and V ∩Wi 6= ∅ then V ∈ Vi . If i < j < ω then since,
Wj ⊆X\
(⋃{⋃
Vk: k < j
})
, V ∩Wj = ∅.
If j < i then since V ∩Wi 6= ∅, V /∈ Vj and so V ∩Wj = ∅. Hence if V meets at most one
member of {Wi : i < ω}. However sinceX is pseudocompact, locally finite (hence discrete)
collections of open subsets of X are finite, a contradiction. 2
Scott observed that a space is Baire if and only if every point-finite open cover has an
open refinement locally finite on some dense set [15]. In fact, Gavrushenko observed that
if V is an open cover of a regular Baire space X that is point finite on some open dense
subset of X then V is locally finite on some dense subset of X [7].McCoy and Smith were
clearly aware of Lemma 1.4 when they stated the following in [12].
Theorem 1.5 [12]. A regular feebly compact space in which every open cover has an
open refinement point finite on some open dense subset (almost metacompact) is compact.
Corollary 1.6. A regular, nearly metacompact, feebly compact space in which the isolated
points are dense is compact.
Question 3. Are regular pseudocompact (feebly compact) nearly metacompact spaces
compact?
In [8] Heath and Lindgren give a variety of examples of first countable, nonmetacompact
nearly metacompact spaces and prove the following theorem.
Theorem 1.7 [8]. All nearly metacompact (meta-Lindelöf) Fréchet spaces are meta-
Lindelöf.
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We prove this for the more general class of radial spaces. A space X is said to be radial
provided for every x ∈X and C ⊆X we have x ∈ cl(C) if and only if there is a cardinal ~
and a function d :~→ C such that d converges it x .
Theorem 1.8. If X is a nearly metacompact radial space then X is meta-Lindelöf.
Proof. Let U be an open cover of X and V an open refinement point-finite on some dense
set D. We first note that if x is in the closure of a countable E ⊆D then Vx is countable
since Vx ⊆⋃{Ve: e ∈E} and this set is countable since V is point finite on D.
Suppose that x ∈ X\D such that Vx is infinite. Since X is radial there is a cardinal
κ and a function d :κ → D such that d converges to x . For each i < ω take a distinct
Vi ∈ Vx and a γi < κ such that {d(α): γi 6 α < κ} ⊆ Vi . If λ = sup{γi: i < ω} < κ then
d(λ) ∈⋂i<ω Vi a contradiction of the hypothesis on V . Hence κ = sup{γi : i < ω} and
thus x is in the closure of the countable set {d(γi): i < ω} ⊆ D. Therefore by the above
observation, Vx is countable and thus V is point-countable. 2
Remark 1. Notice that if x ∈X which is not in the closure of a countable subset ofD then
Vx is finite.
A space in which every point has a local base linearly ordered by set inclusion is called
a lob-space [3]. The class of lob-spaces generalizes first countable spaces. Clearly lob-
spaces are radial but need not be Fréchet. Fréchet spaces need not be lob-spaces. In fact, a
Fréchet (sequential is enough), lob-space is first countable [3].
Corollary 1.9. If X is a nearly metacompact lob-space then X is meta-Lindelöf.
Remark 2. It follows from Remark 1 that if X is a lob-space and V is an open cover of X
point-finite on a dense subset of X then Vx is finite for every x ∈X which does not have a
countable local base.
A generalization of lob-spaces is the class of globular spaces introduced by Scott in [16].
A space is globular provided every non isolated point has a local base order isomorphic
to a finite product of infinite regular cardinals. One can show that nearly metacompact
globular spaces are meta-Lindelöf. In general, T2, nearly meta-Lindelöf lob-spaces need
not be meta-Lindelöf (see Example 2.2). Also nearly meta-Lindelöf globular T3-spaces
need not be meta-Lindelöf (see Example 2.4).
If U is a minimal open cover of a space X then there is a closed discrete set D ⊆X such
that for all U ∈ U, |U ∩D| = 1 and for all x ∈D, |Ux | = 1 [1]. Therefore, for example,
irreducible, countably compact spaces are compact. However countably compact nearly
meta-LindelöfT2-spaces need not be compact (see Example 2.5). Also nearly metacompact
T2-spaces need not be irreducible (see Example 2.6). The following question remains.
Question 4. Is every nearly metacompact (meta-Lindelöf) T3-space irreducible?
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2. Examples
If a topological space X is metacompact (meta-Lindelöf) then any closed subspace
of X is metacompact (meta-Lindelöf) as well. However, a closed subspace of a nearly
metacompact may be pretty far from being nearly metacompact. In fact, we are going to
prove that any space can be embedded as a closed subspace into a nearly metacompact
space (Theorem 2.1). The method of proof is based on the constructions from [8].
Remark 3. Suppose κ is an infinite cardinal. An ultrafilter F on κ is said to be regular
provided that there exists a family A= {Aα: α < κ} ⊂ F such that if I ⊆ κ is infinite then⋂{Aα: α ∈ I } = ∅. Notice if A∗ = {⋂{Aα: α ∈ I }: I finite subset of κ} then A∗ ⊂ F ,
|A∗| = κ and ifM⊆ A∗ is infinite then⋂M= ∅. If κ is an infinite cardinal then there is
a regular ultrafilter on κ [2].
Theorem 2.1. Every space X can be embedded as a closed subspace in a nearly
metacompact space Y .
Proof. Since every countable T1-space is metacompact, suppose that X is a T1-space and
|X| = κ > ω. Well-order X, say X = {xα: α < κ}. Let A = {Aα: α < κ} be a collection
of nonempty subsets of κ having the finite intersection property such that for any infinite
I ⊆ κ, ⋂{Aα: α ∈ I } = ∅. For each α < κ , let Bα be a local base at xα in the space X and
let Aα = {A ∈A: A⊆Aα}.
Let Y =X ∪ (X× κ) and define a topology on Y as follows:
(1) the points of X× κ are isolated,
(2) for each α < κ the set {B ∪ (B ×A): B ∈ Bα and A ∈Aα} form a local base at the
point xα in Y .
Since ∅ /∈A, it is easily seen that the set X× κ is dense in Y .
Suppose that U is an open cover of Y . For each α < κ , let B(α) ∈ Bα and A(α) ∈Aα
such that V (α)= B(α) ∪ (B(α)×A(α))⊆U for some U ∈ U . Let
V = {V (α): a < κ}∪ {{x}: x ∈ Y\ ∪ {V (α): a < κ}}.
Clearly V is an open refinement of U . Suppose α,λ < κ . Let I = {µ< κ : (xα,λ) ∈ V (µ)}.
Now if µ ∈ I then λ ∈ A(µ) ⊆ Aµ. Hence λ ∈⋂{Aµ: µ ∈ I } and therefore I must be
finite. Hence for each α,β < κ, (xα,β) is in only finitely many members of V . Therefore
V is point finite on the dense set X× κ . 2
Remark 4. In the above construction if X is not metacompact then Y is not orthocompact.
If the spaceX is T1, T2, or T3 then so is Y and χ(Y )= κ ·χ(X). If points ofX areGδ then
so are the points of Y . The space Y is metacompact (meta-Lindelöf) if and only if then the
space X is metacompact (meta-Lindelöf). Besides closed in Y , the subspace X is also a Gδ
subset of Y .
Example 2.2. A T2, nearly meta-Lindelöf, lob-space that is not meta-Lindelöf.
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Let X = ω1 ∪ (ω1 × ω1). Points of ω1 × ω1 are isolated. A neighborhood base for a
nonlimit ordinal α < ω1 is {{α} ∪ ({α} × [γ,ω1)): γ < ω1}. For a limit ordinal α < ω1
neighborhoods have the form B(γ,α)= (γ,α]∗ ∪ ((γ,α)× [α,ω1)) for all γ < α where
(γ,α]∗ = {β: γ < β 6 α and β is not a limit ordinal}. Clearly the space X is T2 and
ω1 × ω1 is dense in X. The space X is not T3 since, for example, the point ω · ω cannot
be separated from the closed set {ω · n: n < ω}. Suppose that (λ,ρ) ∈ ω1 × ω1, α < ω1
is a limit ordinal and γ < α. If (λ,ρ) ∈ B(γ,α) then α < ρ and hence the collection
{B(γ,α): α < ω1 is a limit ordinal, γ < α} is point-countable on the dense set ω1 × ω1.
From this observation it follows that X is nearly meta-Lindelöf. The usual “Pressing
Down” type argument shows that X is not meta-Lindelöf.
Example 2.3. A nearly meta-Lindelöf, countably compact T2-space which is not compact.
We begin with a familiar “plank”
P = ((ω1 + 1)× (ω1 + 1))\{(ω1,ω1)}
and add one additional point “∞”. ThusX = P ∪{∞}. Points of P have their usual product
neighborhoods, and neighborhoods of the additional point are of the form
N(α)= {∞}∪ ((α,ω1)× (α,ω1))
for α < ω1. Clearly, X is a countably compact T2-space. Moreover X is not T3 since the
point∞ cannot be separated from the closed set ω1 × {ω1} and therefore is not compact.
To see that X is nearly meta-Lindelöf, let U be an open cover of X. Let D = ω1 × ω1,
and note that D is dense in X. For each α < ω1, let Uα ∈ U such that the point
(α,ω1) ∈ Uα, Rα = (0, α]×(α,ω1] and define Vα =Uα∩Rα . Since {Rα : α < ω1} is point
countable on D, so is {Vα: α < ω1}. Thus {Vα : α < ω1} is an open partial refinement of
U point-countable on D covering ω1 × {ω1}. Similarly, there is an open partial refinement
{Wα : α < ω1} of U point finite on D covering {ω1} × ω1. Let U ∈ U∞ and β < ω1 such
that N(β)⊆U . Now any point in X not covered by {Vα: α < ω1} ∪ {N(β)} must be in the
set Y = [0, β] × [0,ω1] ∪ [0,ω1] × [0, β] which is compact. Let F be a finite subset of U
covering Y . Then the collection {Vα: α < ω1} ∪ {Wα : α < ω1} ∪ {N(β)} ∪ F is an open
refinement of U point countable on the dense set D.
Example 2.4. A regular, nearly meta-Lindelöf, globular space that is not meta-Lindelöf.
Let X = ω1 ∪ (ω1 × ω1). Points of ω1 × ω1 are isolated. A neighborhood base for a
nonlimit ordinal α < ω1 is {{α} ∪ ({α} × [γ,ω1)): γ < ω1}. For a limit ordinal α < ω1
neighborhoods have the form B(α,β, γ ) = (γ,α] ∪ ((γ,α] × [β,ω1)) for all γ < α and
β < ω1. It is not hard to show that every open cover of X has an open refinement, point-
countable on the dense set ω1 ×ω1 and that X is not meta-Lindelöf.
Example 2.5. A nearly metacompact, countably compact T1-space that is not compact.
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Embedω1 with the order topology as a closed subset in a nearly metacompact space Y as
in Theorem 2.1. Let I = Y\ω1 and Z = Y ∪{∗}. TopologizeZ by defining a neighborhood
base for ∗ as {{∗} ∪ A: A ⊆ I with |I\A| < ω}. Since ω1 is countably compact but not
compact, so is Z.
In [8] many interesting examples of nearly metacompact nonmetacompact spaces have
been given. However constructing nearly metacompact non-irreducible spaces appears
to be a more difficult problem. Observe that all spaces in Examples 2.2, 2.4 and 2.5
are irreducible. It is worth mentioning that in Theorem 2.1 the space Y constructed as
a superspace of an arbitrary space X is always irreducible. Since irreducible countably
compact spaces are compact, the space from Example 2.3 is nearly meta-Lindelöf and not
irreducible. We now construct a nearly metacompact T2-space that is not irreducible.
Example 2.6. A nearly metacompact T2-space (not regular) Z that is not irreducible.
Let X ⊆ R with |X| = ω1 and well-order X, say X = {xα: α < ω1} such that if α < β
then xα 6= xβ . Let T1 and T2 be topologies on X generated by sets of the form
V ∩ {xβ : α 6 β} and V ∩ {xβ : β 6 α},
where V is an open subset of R and α < ω1, respectively. It is well known (see [14]) that
(X,T1) is an L-space, (X,T2) is an S-space and that both spaces are T2 but not regular.
(1) (X,T1) is (hereditarily) metacompact (see Example 2.7 for a hereditarily Lindelöf
T2-space which is not metacompact).
Let U be an open cover ofX and B be a uniform base forR. For all α < ω1, let B(α) ∈ B
such that xα ∈ B(α) and G(α)= B(α) ∩ {xβ : α 6 β} ⊆U for some U ∈ U . Let
A= {α < ω1: G(α)\ ∪ {G(β): β < α} 6= ∅} and G = {G(α): α ∈A}.
Notice that if λ < ω1 then xλ ∈ G(λ). Let α = min{γ < ω1: xλ ∈ G(γ )}. Then xλ ∈
G(α)\⋃{G(β): β < α} and so α ∈ A. Hence G is an open cover of X and thus an open
refinement of U . Also notice that if α,β ∈A and α < β thenG(β)\G(α) 6= ∅ and therefore
B(β) is not a subset of B(α).
Suppose that β < ω1 and that A′ = {α ∈ A: xβ ∈G(α)} is infinite. Let λ=minA′. By
the above observation for all α,γ ∈A′, if α 6= γ then B(α) 6= B(γ ). Thus B′ = {B(α): α ∈
A′\{λ}} is an infinite subset of B such that for all α ∈ A′\{λ}, xβ ∈ B(α). Hence B′ is
a local base at xβ and therefore there is a γ ∈ A′\{λ} such that B(γ ) ⊆ B(λ). However
λ,γ ∈ A′ ⊆ A with λ < γ and therefore B(γ ) is not a subset of B(λ), a contradiction.
Hence G is point-finite.
(2) (X,T2) is not irreducible.
SinceX is hereditarily separable, discrete subsets ofX are countable and hence minimal
open covers must be countable. However X is not Lindelöf.
LetQ⊂X⊆R with |X| = ω1 and well-orderX, say X = {xα: α < ω1} such that if α <
β then xα 6= xβ and such that Q= {xα: α < ω}. Let X1 =X×{−1}, X2 = (X×{−2})\Q
and Z = X1 ∪X2 ∪ (X × ω1). For all α < ω1 let x1α = (xα,−1) and x2α = (xα,−2). Also
let A = {Aα: α < ω1} be a collection of nonempty subsets of ω1 such that if α < β then
E. Grabner et al. / Topology and its Applications 98 (1999) 191–201 199
Aα 6= Aβ closed under finite intersections with the property that infinite subcollections of
A have empty intersection. For all α < ω1 let Aα = {A ∈A: A⊆Aα}.
Define a topology on Z as follows:
(1) points of X×ω1 are isolated;
(2) for all α < ω1 basic open neighborhoods of x1α have the form [(V ∩ {xβ : α 6
β}) × ({−1} ∪ ω1)]\A where V is an open neighborhood of xα in R and A is a
finite subset of (V ∩ {xβ : α 6 β})×ω1;
(3) for all ω 6 α < ω1 basic open neighborhoods of x2α have the form [(V ∩ {xβ : β 6
α})× ({−2} ∪A)]\(({α}×A)∪ {x2α: α < ω}) where V is an open neighborhood of
xα in R and A ∈Aα.
Notice that since Q= {xα: α < ω} is dense in R, no point of X2 is isolated in Z and that
X× ω1 is dense in Z.
Claim 1. Z is nearly metacompact.
Let U be an open cover of Z. Let B be a uniform base forR. For all α < ω1, let B(α) ∈ B
and A(α) a finite subset of B(α)×ω1 such that xα ∈ B(α) and
G(α)= [(B(α) ∩ {xβ : α 6 β})× ({−1} ∪ ω1)]\A(α)⊆U
for some U ∈ U . As in the proof that (X,T1) is metacompact, there is a set A⊆ ω1 such
that the collection G1 = {G(α): α ∈ A} covers X1 and is point-finite on X1 and therefore
point-finite on
⋃G1.
For each ω 6 α < ω1, let B(α) be an open neighborhood of xα in R and A(α) ∈ Aα
such that
V (α)= [(B(α) ∩ {xβ : β 6 α})× ({−2} ∪A(α))]\(({α} ×A)∪ {x2β : β < ω})⊆U
for some U ∈ U . Let G2 = {V (α): a < ω1}. Clearly V is an open partial refinement of U
covering X2. Suppose α,λ < ω1. Let I = {µ < ω1: (xα,λ) ∈ V (µ)}. Now if µ ∈ I then
λ ∈ A(µ)⊆ Aµ. Hence λ ∈⋂{Aµ: µ ∈ I } and therefore I must be finite. Hence for each
α,β < ω1, (xα,β) is in only finitely many members of G2. Therefore G2 is point-finite on
the set (X×ω1)∩ (⋃G2). The collection
G = G1 ∪ G2 ∪ {{z}: z ∈X×ω1}
is an open refinement of U point-finite on the dense set X× ω1.
Claim 2. Z is not irreducible. In fact, closed discrete subsets of Z are countable and since
Z is not Lindelöf, it is not irreducible. (If closed discrete subsets of Z are countable then
minimal open covers of Z must also be countable.)
Suppose that D is a closed discrete subset of Z. Since X1 is an L-space D ∩ X1 is
countable. Since X2 is an S-space D ∩X2 is also countable. For all α < ω1, let B(α) be
an open subset of R, A(α) a finite subset of B(α)×ω1 and
G(α)= [(B(α) ∩ {xβ : α 6 β})× ({−1} ∪ ω1)]\A(α)
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such that xα ∈B(α) and G(α)∩ (D ∩ (X×ω1))= ∅. The collection G = {G(α): α < ω1}
coversX1. There is a countableA⊂ ω1 such that G′ = {G(α): α ∈A} coversX1 therefore
{(B(α) ∩ {xβ : α 6 β}): α ∈A} covers X. Hence(⋃
G′
)
∩ (X×ω1)
=
⋃{{[(
B(α) ∩ {xβ : α 6 β}
)×ω1]\A(α)}: α ∈A}
⊇
⋃{[(
B(α) ∩ {xβ : α 6 β}
)×ω1]: α ∈A}\⋃{A(α): α ∈A}
=
[⋃{[(
B(α) ∩ {xβ : α 6 β}
)]
: α ∈A
}
×ω1
]
\
⋃{
A(α): α ∈A}
= (X×ω1)\ ∪
{
A(α): α ∈A}
and therefore
D ∩ (X×ω1)⊆ (X×ω1)\
[(⋃
G′
)
∩ (X×ω1)
]
⊆ (X×ω1)\
[
(X×ω1)\ ∪
{
A(α): α ∈A}]
=
⋃{
A(α): α ∈A}, which is a countable set.
ThusD itself must be countable.
The following example is due to Ofelia Alas.
Example 2.7. An hereditarily Lindelöf, separable, nearly metacompact T2-space which is
not metacompact.
Let D1,D2, . . . be a countable pairwise disjoint collection of countable dense subsets
of the real line R and let D =⋃∞n=1Dn. Let X = (R × {0}) ∪ (D × {1})) and define a
topology on X as follows:
(1) {(x,0)} is open for all x ∈D,
(2) (R\D)× {0} is open and homeomorphic to the subspace R\D of R with the usual
topology,
(3) for x ∈D basic neighborhoods of the point (x,1) have the form {(x,1)} ∪ (]x − ε,
x + ε[×{0})\{(x,0)} for ε > 0.
Since D is countable the space X is T2, hereditarily Lindelöf and separable. It is,
however, not metacompact. To see this let U = {R × {0}} ∪ {{(x,n)} ∪ ((]x − 1, x + 1[
×{0})\{(x,0)}): n= 1,2, . . . and x ∈Dn}. Suppose that V is an open refinement of U . For
each m= 1,2, . . . the union of members of V which meet Dm × {m} will contain a set of
the form Vm × {0}\Dm × {0} where Vm contains Dm and is open in the real line with the
usual topology. Hence for all m= 1,2, . . . the set Vm is a dense open subset of R with the
usual topology. Thus by Baire’s theorem
⋂∞
m=1 Vm is not empty, in fact uncountable; so
we can pick a point y which is in all of the Vm’s and not in D. Hence this y is in infinitely
many members of V .
Since X is Lindelöf and separable it is readily verified that it is nearly metacompact.
Since X is Lindelöf it is also irreducible.
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